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Transition from pure-state to mixed-state entanglement by random scattering
J. L. van Velsen and C. W. J. Beenakker
Instituut-Lorentz, Universiteit Leiden, P.O. Box 9506, 2300 RA Leiden, The Netherlands
(Dated: March 2004)
We calculate the effect of polarization-dependent scattering by disorder on the degree of
polarization-entanglement of two beams of radiation. Multi-mode detection converts an initially
pure state into a mixed state with respect to the polarization degrees of freedom. The degree of
entanglement decays exponentially with the number of detected modes if the scattering mixes the
polarization directions and algebraically if it does not.
PACS numbers: 42.50.Dv, 03.65.Ud, 03.67.Mn, 42.25.Dd
I. INTRODUCTION
A pair of photons in the Bell state (|HV〉+ |VH〉) /√2
can be transported over long distances with little degra-
dation of the entanglement of their horizontal (H) and
vertical (V) polarizations. Polarization-dependent scat-
tering has little effect on the degree of entanglement, as
long as it remains linear (hence describable by a scatter-
ing matrix) and as long as the photons are detected in
a single spatial mode only. This robustness of photon
entanglement was demonstrated dramatically in a recent
experiment [1] and theory [2, 3] on plasmon-assisted en-
tanglement transfer.
Polarization-dependent scattering may significantly
degrade the entanglement in the case of multi-mode de-
tection. Upon summation over N spatial modes the ini-
tially pure state of the Bell pair is reduced to a mixed
state with respect to the polarization degrees of freedom.
This loss of purity diminishes the entanglement — even
if the two polarization directions are not mixed by the
scattering.
The transition from pure-state to mixed-state entan-
glement will in general depend on the detailed form of
the scattering matrix. However, a universal regime is
entered in the case of randomly located scattering cen-
tra. This is the regime of applicability of random-matrix
theory [4, 5]. As we will show in this paper, the trans-
mission of polarization-entangled radiation through dis-
ordered media reduces the degree of entanglement in a
way which, on average, depends only on the number N
of detected modes. (The average refers to an ensemble of
disordered media with different random positions of the
scatterers.) The degree of entanglement (as quantified
either by the concurrence [6] or by the violation of a Bell
inequality [7, 8]) decreases exponentially with N if the
disorder randomly mixes the polarization directions. If
the polarization is conserved, then the decrease is a power
law (∝ N−1 if both photons are scattered and ∝ N−1/2
if only one photon is scattered).
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FIG. 1: Schematic diagram of the transfer of polarization-
entangled radiation through two disordered media. The de-
gree of entanglement of the transmitted radiation is measured
by two multi-mode photodetectors (Ni modes) in a coinci-
dence circuit. The combination of polarization-dependent
scattering and multi-mode detection causes a transition from
a pure state to a mixed state in the polarization degrees of
freedom, and a resulting decrease of the detected entangle-
ment.
II. FORMULATION OF THE PROBLEM
We consider two beams of polarization-entangled pho-
tons (Bell pairs) that are scattered by two separate dis-
ordered media (see Fig. 1). Two photodetectors in a co-
incidence circuit measure the degree of entanglement of
the transmitted radiation through the violation of a Bell
inequality. The scattered Bell pair is in the pure state
Ψnσ,mτ =
1√
2
(
u+nσv
−
mτ + u
−
nσv
+
mτ
)
. (2.1)
The indices n ∈ {1, 2, . . .M1}, m ∈ {1, 2, . . .M2} la-
bel the transverse spatial modes and the indices σ, τ ∈
{+,−} label the horizontal and vertical polarizations.
The first pair of indices n, σ refers to the first photon
and the second pair of indices m, τ refers to the second
photon. The scattering amplitudes u+nσ, u
−
nσ of the first
medium form two orthonormal vectors of lengthM1, and
2similarly for the second medium.
A subset of N1 out of the M1 modes are detected
in the first detector. We relabel the modes so that
n = 1, 2, . . .N1 are the detected modes. This subset is
contained in the four vectors u++n ≡ u+n+, u+−n ≡ u+n−,
u−+n ≡ u−n+, u−−n ≡ u−n− of length N1 each. We write
these vectors in bold face, u±±, omitting the mode in-
dex. Similarly, the second detector detects N2 modes,
contained in vectors v±±. A single or double dot be-
tween two pairs of vectors denotes a single or double
contraction over the mode indices: a · b = ∑n anbn,
ab : cd =
∑
n,m anbmcmdn.
The pure state has density matrix Ψnσ,mτΨ
∗
n′σ′,m′τ ′ .
By tracing over the detected modes the pure state is re-
duced to a mixed state with respect to the polarization
degrees of freedom. The reduced density matrix is 4× 4,
with elements
ρστ,σ′τ ′ =
1
Z
(
u+σv−τ + u−σv+τ
)
:
(
v
∗
−τ ′u
∗
+σ′ + v
∗
+τ ′u
∗
−σ′
)
, (2.2)
Z =
∑
σ,τ
(
u+σv−τ + u−σv+τ
)
:
(
v
∗
−τu
∗
+σ + v
∗
+τu
∗
−σ
)
. (2.3)
The complex numbers that enter into the density matrix are conveniently grouped into a pair of Hermitian positive
definite matrices a and b, with elements aστ,σ′τ ′ = uστ · u∗σ′τ ′ , bστ,σ′τ ′ = vστ · v∗σ′τ ′ . One has
Zρστ,σ′τ ′ = a+σ,+σ′b−τ,−τ ′ + a−σ,−σ′b+τ,+τ ′ + a−σ,+σ′b+τ,−τ ′ + a+σ,−σ′b−τ,+τ ′. (2.4)
The degree of entanglement of the mixed state with
4 × 4 density matrix ρ is quantified by the concurrence
C, given by [6]
C = max
{
0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4
}
. (2.5)
The λi’s are the eigenvalues of the matrix product
ρ · (σy ⊗ σy) · ρ∗ · (σy ⊗ σy),
in the order λ1 ≥ λ2 ≥ λ3 ≥ λ4, with σy a Pauli matrix.
The concurrence ranges from 0 (no entanglement) to 1
(maximal entanglement).
In a typical experiment [1], the photodetectors can not
measure C directly, but instead infer the degree of en-
tanglement through the maximal violation of the Bell-
CHSH (Clauser-Horne-Shimony-Holt) inequality [7, 8].
The maximal value E of the Bell-CHSH parameter for
an arbitrary mixed state was analyzed in Refs. [9, 10].
For a pure state with concurrence C one has simply
E = 2√1 + C2 [11]. For a mixed state there is no one-to-
one relation between E and C. Depending on the den-
sity matrix, E can take on values between 2C√2 and
2
√
1 + C2, so E > 2 implies C > 0 but not the other
way around. The general formula
E = 2√u1 + u2 (2.6)
for the dependence of E on ρ involves the two largest
eigenvalues u1, u2 of the real symmetric 3×3 matrix RTR
constructed from Rkl = Tr ρ σk⊗σl. Here σ1, σ2, σ3 refer
to the three Pauli matrices σx, σy , σz , respectively.
We will calculate both the true concurrence C and the
pseudo-concurrence
C′ ≡
√
max (0, E2/4− 1) ≤ C (2.7)
inferred from the Bell inequality violation.
As a special case we will also consider what happens if
only one of the two beams is scattered. The other beam
reaches the photodetector without changing its mode or
polarization, so we may set v±mσ = δm,1δσ,±. This implies
bστ,σ′τ ′ = δσ,τδσ′,τ ′ , hence
Zρστ,σ′τ ′ = aτ¯σ,τ¯ ′σ′ , (2.8)
where we have defined τ¯ = −τ . The normalization is now
given simply by Z =
∑
σ,τ aστ,στ .
III. RANDOM-MATRIX THEORY
For a statistical description we use results from the
random-matrix theory (RMT) of scattering by disordered
media [4, 5]. According to that theory, the real and imag-
inary parts of the complex scattering amplitudes uστn are
statistically distributed as independent random variables
with the same Gaussian distribution of zero mean. The
variance of the Gaussian drops out of the density matrix;
we fix it at 1. The assumption of independent variables
ignores the orthonormality constraint of the vectors u,
which is justified if N1 ≪ M1. Similarly, for N2 ≪ M2
the real and imaginary parts of vστn have independent
Gaussian distributions with zero mean and a variance
which we may set at 1.
The reduced density matrix of the mixed state depends
on the two independent random matrices a and b, ac-
cording to Eq. (2.4). The matrix elements are not inde-
pendent. We calculate the joint probability distribution
of the matrix elements, using the following result from
3RMT [12]: Let W be a rectangular matrix of dimension
p×(k+p), filled with complex numbers with distribution
P ({Wnm}) ∝ exp
(−cTrWW †) , c > 0. (3.1)
Then the square matrix H =WW † (of dimension p× p)
has the Laguerre distribution
P ({Hnm}) ∝ (DetH)k exp(−cTrH). (3.2)
Note that H is Hermitian and positive definite, so its
eigenvalues hn (n = 1, 2, . . . p) are real positive numbers.
Their joint distribution is that of the Laguerre unitary
ensemble,
P ({hn}) ∝
∏
n
hkn e
−chn
∏
i<j
(hi − hj)2. (3.3)
The factor (hi − hj)2 is the Jacobian of the transforma-
tion from complex matrix elements to real eigenvalues.
The eigenvectors of H form a unitary matrix U which is
uniformly distributed in the unitary group.
To apply this to the matrix a we set c = 1/2, p = 4,
k = N1− 4. We first assume that N1 ≥ 4, to ensure that
k ≥ 0. Then
P ({aστ,σ′τ ′}) ∝ (Det a)N1−4 exp
(− 1
2
Tr a
)
, (3.4)
P ({an}) ∝
∏
n
aN1−4n e
−an/2
∏
i<j
(ai − aj)2, (3.5)
where a1, a2, a3, a4 are the real positive eigenvalues of a.
The 4 × 4 matrix U of eigenvectors of a is uniformly
distributed in the unitary group. If N1 = 1, 2, 3 we set
c = 1/2, p = N1, k = 4 −N1. The matrix a has 4 −N1
eigenvalues equal to 0. The N1 non-zero eigenvalues have
distribution
P ({an}) ∝
∏
n
a4−N1n e
−an/2
∏
i<j
(ai − aj)2. (3.6)
The distribution of the matrix elements bστ,σ′τ ′ and of
the eigenvalues bn is obtained upon replacement of N1
by N2 in Eqs. (3.4), (3.5), and (3.6).
IV. ASYMPTOTIC ANALYSIS
We wish to average the concurrence (2.5) and pseudo-
concurrence (2.7) with the RMT distribution of Sec. III.
The result depends only on the number of detected modes
N1, N2 in the two photodetectors. Microscopic details of
the scattering media become irrelevant once we assume
random scattering. The averages 〈C〉, 〈C′〉 can be cal-
culated by numerical integration [13]. Before present-
ing these results, we analyze the asymptotic behavior
for Ni ≫ 1 analytically. We assume for simplicity that
N1 = N2 ≡ N .
It is convenient to scale the eigenvalues as
an = 2N(1 + αn), bn = 2N(1 + βn). (4.1)
The distribution of the αn’s and βn’s takes the same form
P ({αn}) ∝ exp
(
−N
4∑
n=1
[αn − ln(1 + αn)] +O(1)
)
,
(4.2)
where O(1) denotes N -independent terms. The bulk of
the distribution (4.2) lies in the region
∑
n α
2
n
<∼ 1/N ≪
1, localized at the origin. Outside of this region the dis-
tribution decays exponentially ∝ exp[−Nf({αn})], with
f({αn}) =
4∑
n=1
[αn − ln(1 + αn)]. (4.3)
The concurrence C and pseudo-concurrence C′ depend
on the rescaled eigenvalues αn, βn and also on the pair
of 4× 4 unitary matrices U, V of eigenvectors of a and b.
Both quantities are independent of N , because the scale
factor N in Eq. (4.1) drops out of the density matrix
(2.4) upon normalization.
The two quantities C and C′ are identically zero when
the αn’s and βn’s are all ≪ 1 in absolute value. For
a nonzero value one has to go deep into the tail of the
eigenvalue distribution. The average of C is dominated
by the “optimal fluctuation” αoptn , β
opt
n , U
opt, V opt of
eigenvalues and eigenvectors, which minimizes f({αn})+
f({βn}) in the region C > 0. The decay
〈C〉 ≃ exp (−N [f({αoptn }) + f({βoptn })]) ≡ e−AN (4.4)
of the average concurrence is exponential in N , with a
coefficient A of order unity determined by the optimal
fluctuation. The average 〈C′〉 ≃ e−BN also decays ex-
ponentially with N , but with a different coefficient B in
the exponent. The numbers A and B can be calculated
analytically for the case that only one of the two beams
is scattered.
Scattering of a single beam corresponds to a density
matrix ρ which is directly given by the matrix a, cf. Eq.
(2.8). To find A, we therefore need to minimize f({αn})
over the eigenvalues and eigenvectors of a with the con-
straint C > 0,
A = min
{αn},U
{
f({αn})| C
(
ρ({αn}, U)
)
> 0
}
. (4.5)
The minimum can be found with the help of the following
result [14]: The concurrence C(ρ) of the two-qubit density
matrix ρ, with fixed eigenvalues Λ1 ≥ Λ2 ≥ Λ3 ≥ Λ4
but arbitrary eigenvectors, is maximized upon unitary
transformation by
max
Ω
C(Ω ρΩ†) = max
{
0,Λ1 − Λ3 − 2
√
Λ2Λ4
}
. (4.6)
(The matrix Ω varies over all 4 × 4 unitary matrices.)
With this knowledge, Eq. (4.5) reduces to
A = min
{αn}
{
f({αn})|α1 − α3 − 2
√
(1 + α2)(1 + α4) > 0
}
,
(4.7)
4where we have ordered α1 ≥ α2 ≥ α3 ≥ α4. This yields
for the optimal fluctuation αopt1 = 1, α
opt
2 = α
opt
3 =
αopt4 = −1/3 and
A = 3 ln 3− 4 ln 2 = 0.523. (4.8)
The asymptotic decay 〈C〉 ∝ e−AN is in good agreement
with a numerical calculation for finite N , see Fig. 2.
The asymptotic decay of the average pseudo-
concurrence 〈C′〉 for a single scattered beam can be found
in a similar way, using the result [10]
max
Ω
C′(Ω ρΩ†) =
√
max {0, 2(Λ1 − Λ4)2 + 2(Λ2 − Λ3)2 − (Λ1 + Λ2 + Λ3 + Λ4)2}. (4.9)
To obtain the optimal fluctuation we have to solve
B = min
{αn}
{
f({αn})|2(α1 − α4)2 + 2(α2 − α3)2 − (4 + α1 + α2 + α3 + α4)2 > 0
}
, (4.10)
which gives
αopt1 =
1
2
(−1 + 2
√
2 +
√
5), αopt2 = α
opt
3 =
1
2
(1−
√
5), αopt4 =
1
2
(−1− 2
√
2 +
√
5), (4.11)
hence
B = ln(11 + 5
√
5)− ln 2 = 2.406. (4.12)
The decay 〈C′〉 ∝ e−BN is again in good agreement with
the numerical results for finite N (Fig. 2).
If both beams are scattered, a calculation of the opti-
mal fluctuation is more complicated because the eigen-
values {αn}, {βn} and the eigenvectors U , V get mixed
in the density matrix (2.4). The numerics of Fig. 2 gives
〈C〉 ∝ e−3.3N for the asymptotic decay of the concur-
rence. The averaged pseudo-concurrence for two-beam
scattering could not be determined accurately enough to
extract a reliable value for the decay constant.
V. COMPARISON WITH THE CASE OF
POLARIZATION-CONSERVING SCATTERING
If the scatterers are translationally invariant in one di-
rection, then the two polarizations are not mixed by the
scattering. Such scatterers have been realized as paral-
lel glass fibers [15]. One polarization corresponds to the
electric field parallel to the scatterers (TE polarization),
the other to parallel magnetic field (TM polarization).
The boundary condition differs for the two polarizations
(Dirichlet for TE and Neumann for TM), so the scatter-
ing amplitudes u++, v++, u−−, v−− that conserve the
polarization can still be considered to be independent
random numbers. The amplitudes that couple different
polarizations vanish: u+−, v+−, u−+, v−+ are all zero.
The reduced density matrix (2.4) simplifies to
Zρστ,σ′τ ′ = δστ¯ δσ′ τ¯ ′aσσ,σ′σ′bττ,τ ′τ ′, (5.1)
FIG. 2: Average concurrence 〈C〉 (squares) and pseudo-
concurrence 〈C′〉 (triangles) as a function of the number N
of detected modes. Closed symbols are for the case that only
one of the two beams is scattered and open symbols for the
case that both beams are scattered. The decay of 〈C′〉 in
the latter case could not be determined accurately enough
and is therefore omitted from the plot. The solid lines are
the analytically obtained exponential decays, with constants
A = 3 ln 3− 4 ln 2 and B = ln(11 + 5√5)− ln 2, cf. Eqs. (4.8)
and (4.12).
with τ¯ = −τ , τ¯ ′ = −τ ′. We will abbreviate Aστ ≡
aσσ,ττ , Bστ ≡ bσσ,ττ . The concurrence C and pseudo-
5concurrence C′ are calculated from Eqs. (2.5) and (2.7),
with the result
C = C′ = 2|A+−||B+−|
A++B−− +A−−B++
. (5.2)
It is again our objective to calculate 〈C〉 for the case
N1 = N2 = N . The distribution of the matrices A and
B follows by substituting N1 − 4→ N − 2 in Eq. (3.4):
P ({Aστ}) ∝ (DetA)N−2 exp
(− 1
2
TrA
)
. (5.3)
The average over this distribution was done numerically,
see Fig. 3. For large N we may perform the following
asymptotic analysis.
We scale the matrices A and B as
A = 2N(1 +A), B = 2N(1 + B). (5.4)
In the limit N → ∞ the Hermitian matrices A and B
have the Gaussian distribution
P ({Aστ}) ∝ e− 12NTrAA
†
. (5.5)
(The same distribution holds for B.) In contrast to the
analysis in Sec. IV the concurrence does not vanish in the
bulk of the distribution. The average of Eq. (5.2) with
distribution (5.5) yields the algebraic decay
〈C〉 = pi
4
1
N
, N ≫ 1, (5.6)
in good agreement with the numerical calculation for fi-
nite N (Fig. 3).
A completely analytical calculation for any N can be
done in the case that only one of the beams is scattered.
In that case Bστ = 1 and the concurrence reduces to
C = 2|A+−|
A++ +A−−
. (5.7)
Averaging Eq. (5.7) over the Laguerre distribution (5.3)
gives
〈C〉 =
√
pi
2
Γ(N + 1/2)
Γ(N + 1)
. (5.8)
For large N , the average concurrence (5.8) falls off as
〈C〉 =
√
pi
2
1√
N
, N ≫ 1. (5.9)
This case is also included in Fig. 3.
VI. CONCLUSION
In summary, we have applied the method of random-
matrix theory (RMT) to the problem of entanglement
transfer through a random medium. RMT has been used
before to study production of entanglement [16, 17, 18,
FIG. 3: Average concurrence 〈C〉 as a function of the number
N of detected modes, for the case of polarization-conserving
scattering of both beams (open squares) and one beam (closed
squares). The data points are the result of a numerical av-
erage. The dashed line is the asymptotic result (5.6) and
the dotted line is the analytical result (5.8). The pseudo-
concurrence C′ is identical to C for polarization-conserving
scattering.
19, 20, 21, 22, 23]. Here we have studied the loss of
entanglement in the transition from a pure state to a
mixed state.
A common feature of all these theories is that the re-
sults are universal, independent of microscopic details.
In our problem the decay of the degree of entanglement
depends on the number of detected modes but not on
microscopic parameters such as the scattering mean free
path.
The origin of this universality is the central limit the-
orem: The complex scattering amplitude from one mode
in the source to one mode in the detector is the sum
over a large number of complex partial amplitudes, cor-
responding to different sequences of multiple scattering.
The probability distribution of the sum becomes a Gaus-
sian with zero mean (because the random phases of the
partial amplitudes average out to zero). The variance
of the Gaussian will depend on the mean free path, but
it drops out upon normalization of the reduced density
matrix. The applicability of the central limit theorem
only requires that the separation of source and detector
is large compared to the scattering mean free path, to
ensure a large number of terms in the sum over partial
amplitudes.
The degree of entanglement (as quantified by the con-
currence or violation of the Bell inequality) then de-
pends only on the number N of detected modes. We
have identified two qualitatively different types of de-
6cay. The decay is exponential ∝ e−cN if the scattering
mixes spatial modes as well as polarization directions.
The coefficient c depends on which measure of entangle-
ment one uses (concurrence or violation of Bell inequal-
ity) and it also depends on whether both photons in the
Bell pair are scattered or only one of them is. For this
latter case of single-beam scattering, the coefficients c
are 3 ln 3 − 4 ln 2 (concurrence) and ln(11 + 5√5) − ln 2
(pseudo-concurrence). The decay is algebraic ∝ N−p if
the scattering preserves the polarization. The power p
is 1 if both photons are scattered and 1/2 if only one of
them is. Polarization-conserving scattering is special; it
would require translational invariance of the scatterers in
one direction. The generic decay is therefore exponential.
Finally, we remark that the results presented here ap-
ply not only to scattering by disorder, but also to scat-
tering by a cavity with a chaotic phase space. An experi-
mental search for entanglement loss by chaotic scattering
has been reported by Woerdman et al. [24].
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